Electroconvective flow between two infinitely long parallel electrodes is investigated via a multiphysics computational model. The model solves for spatiotemporal flow properties using two-relaxation-time Lattice Boltzmann Method for fluid and charge transport coupled to Fast Fourier Transport Poisson solver for the electric potential. The segregated model agrees with the previous analytical and numerical results providing a robust approach for modeling electrohydrodynamic flows.
III. INTRODUCTION
Electro-hydrodynamics (EHD) studies the interaction of the fluid with electric field [1] . As a subset of EHD, electroconvection (EC) is a phenomenon where convective transport is induced by unipolar discharge into a dielectric fluid [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Felici first performed a stability analysis of EC using a non-linear hydraulic model [22, 23] . Linear stability analysis was investigated by Schneider & Watson [24, 25] and Atten & Moreau [26] , who showed that, in the weak-injection limit, 1 C  , where C is the charge injection, the flow stability is determined by the criterion 2 c T C , where c T is the linear stability threshold for the electric Rayleigh number (T ) -a ratio between electric force to the viscous force. In the space-charge-limited (SCL) injection ( C   ), the flow stability is determined by c T . Experimental observations of Lacroix et al. [27] and Atten et al. [28] showed that, in the SLC limit, 100 c T  [28] , while linear stability analysis suggests 160 .45 c T  for the same conditions [26] . Authors suggest that the discrepancy is due to the omission of the charge diffusion term in the analysis [29] . The effect of charge diffusion was investigated by Zhang et al., who performed a linear stability analysis [12] followed by a non-linear analysis using the multiscale method [17] . Zhang et al. found that the charge diffusion has a nonnegligible effect on c T , but their analysis could not bridge the discrepancy between the experimental and theoretical values.
To gain insight into the flow-charge interaction, the EC problem has been investigated by numerical methods. Castellanos and Atten used a finite difference model, concluding that large numerical diffusivity can contaminate the model [3] . Other numerical models used to study EC phenomena include the particle-in-cell method [30] , finite volume method with flux-corrected transport [31] , total variation diminishing scheme [5, 8, [14] [15] [16] , and the method of characteristic [4] . Recently, Luo et al. showed that a unified Lattice Boltzmann model (LBM) matches the linear and finite amplitude stability criteria of the subcritical bifurcation in EC flow [18] [19] [20] [21] for both 2D and 3D flow scenarios. This unified LBM transforms the elliptic Poisson equation to a parabolic reaction-diffusion equation and introduces artificial coefficients to control the evolution of the electric potential, which may result in ambiguity in the numerical results.
In this paper, we demonstrate an alternative approach to modeling EC flow; our segregated solver combines (i) a two-relaxation-time (TRT) LBM for modeling fluid transport and charged species, and (ii) a Fast Fourier Transform (FFT) Poisson approach to directly solve for the electric field. The TRT model introduces two relaxation parameters aiding the numerical algorithm stability without sacrificing computational efficiency.
The discrete normalized velocity,
at position -x and time -t depends on a specific discretization scheme; here, we use the D2Q9 model (two spatial dimensions and nine discrete velocities). The spatial discretization is uniform ( x y    ), and the temporal discretization -t  . The i c parameters (i=0~8) are shown in the Supplementary Material.
The Lattice Boltzmann Equations (LBEs) for flow field and charge density are: 
i F is the forcing term accounting for the electric force
where    The TRT approach has been previously used to model the collision operators [33] [34] [35] [36] [37] and the momentum source operator [38, 39] . Alternatively, to SRT operators, TRT is more robust for EC problems, as it provides additional relaxation parameter, improving the numerical stability [32] . The terms specified in the TRT collision operators and the source operator are
  and g   need to satisfy
where  and g  are free factors used to control the algorithm stability [32] . Here, 1/12   
Fast Poisson Solver
The Poisson equation (Eq. 4) is solved by a fast Poisson solver using a 2D FFT algorithm. The discretized grid function can be written as: 
where x k is the wavenumber and NX is the number of grid points in the x-direction. 
Fourier transform in the y-direction uses an odd extension of the domain to satisfy the Dirichlet boundary conditions. , , 
, , 
where NY is the number of grid points in the y-direction. 
where s  is a periodically shifted vector by y  of  in y-direction. Applying a central differencing operator in ext y direction gives: 
The 
Boundary Conditions and Method Implementation
The numerical method is implemented in C++ using CUDA GPU computing. The number of threads in the x-direction in each GPU block is equal to NX ; the number of GPU blocks in the y-direction is equal to NY .
FFT and IFFT operations are performed using the cuFFT library. All variables are computed with double precision to reduce truncation errors. The numerical method was shown to be 2 nd order accurate in space. Error analysis is provided in supplementary materials. To reduce computational cost while maintaining accuracy, the grid of 122 NX  , 100 NY  is used throughout this work. Macroscopic and mesoscopic boundary conditions are specified in Table I . f [32] Bounce-back for i g [32] Lower 
Non-dimensional Analysis and Solution for Hydrostatic State
Governing equations yield four non-dimensional parameters that describe the system's state [12, [17] [18] [19] [20] [21] .
where H is the distance between the electrodes (distance between the two infinite plates), 0  is the injected charge density at the anode, and 0   is the voltage difference applied to the electrodes. The physical interpretation of these parameters are as follows: M -ratio between hydrodynamic mobility and the ionic mobility; T -a ratio between electric force to the viscous force; C -charge injection level; and Fe -reciprocal of the charge diffusivity coefficient [12, 17] .
FIG. 1 shows that our hydrostatic solutions for electric field and charge density agree well with the model of Luo et al. [18, 19] and the analytical solution [30, 40] . The analytical solution is based on a reduced set of equations for the electric field in one-dimensional coordinates.
where a  and a y are parameters that depend on the boundary conditions and geometry. For the hydrostatic state, parameter C dominates the system [12, 17] . Table II shows the dimensional parameters used for the analytical solution and the L2 norm error between numerical results and analytical solutions. The numerical errors are lower than reported for the unified SRT LBM simulation ( 2 L e =0.0076) [18] . Table II 
Electroconvection Instability
To model electro-convective instability, the steady-state hydrostatic solution is perturbed using waveform functions that satisfy the boundary conditions and continuity equation:
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The physical domain size is  ) and the perturbation is given by Eq. 29, the flow becomes unstable developing EC vortices which are maintained by an electric force acting on the ionized fluid --a combination of applied electric field and the space charge effect. The space charge effect can alter the applied electric field in the area of high charge density [41] . FIG. 2 (a) shows the formation of counter-rotating vortices; the charge density contour plotted with streamlines. In an upward fluid motion, the local charge transport is enhanced as indicated by the higher charge density in the center of the domain. In downward flow motion, the charge transport decreases, see the darker blue in the edges of the domain. FIG. 2 (b) shows the x-directional velocity contour. High x-velocity regions are located near the top and bottom walls; the flow is symmetric, which indicates that the steady-state solution has the same wavelength in x and y directions as the perturbation equations (Eq. 29). 
VI. CONCLUSIONS
This work presents a numerical investigation of electroconvection phenomena between two parallel plates. The numerical approach combines (i) TRT-LBM for solving the transport equation of flow field and charged species, and (ii) Fast Poisson Solver. The TRT model allows for the use of two relaxation parameters, accounting for the difference between transport properties of neutral molecules and charged species. FFT algorithm for Poisson's equation directly solves for electric field enabling fast overall algorithm convergence. The numerical method is 2 nd order accurate; it shows robust performance and agrees with previous results for the hydrostatic solution and for the solution where EC vortices are present.
